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SEMILINEAR DIFFUSIONS IN HILBERT SPACES AND APPLICATIONS 
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Abstract. We study regularity properties for invariant measures of semilinear diffusions in a 
separable Hilbert space. Based on a pathwise estimate for the underlying stochastic convolution, 
we prove a priori estimates on such invariant measures. As an application, we combine such 
estimates with a new technique to prove the L 1 -uniqueness of the induced Kolmogorov operator, 
defined on a space of cylindrical functions. Finally, examples of stochastic Burgers equations 
£S| ■ and thin- film growth models are given to illustrate our abstract result. 

S: 

1. Introduction 

The aim of this work is to obtain improved moment estimates of invariant measures of semilinear 

stochastic evolution equations of the type 
Ph ' _ 

Oh ■ dX(t) = (AX(t) + B(X(t)))dt+y/QdW t , t>0 (1.1 

43 • 

defined on a separable real Hilbert space H. Here A is a self-adjoint linear operator of negative 
type lo on H having a compact resolvent, B is a nonlinear function with subdomain D(B) C H. 
Q is a symmetric positive definite operator and (Wt)t>o is a cylindrical Wiener process in H 
defined on a filtered probability space (O, J 7 , {Ft)t>o^)- 

■ Equation (1.1) can be read as an abstract formulation of many partial differential equations per- 

turbed by random noise such as stochastic reaction diffusion, Allen-Calm, Burgers and Navier- 
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Stokes equations. Existence and uniqueness of solutions to such equations are well studied, we 
refer to the monographs by Da Prato, Zabczyk [8, 9], Cerrai [4] and the works [6, 15]. We will 
be in particular interested in the situation, where (1.1) has a mild solution X(t), t > 0, with 
a time-invariant distribution n = Po X(t)~ x . Throughout this paper, we call such a solution 
a stationary mild solution and fi an invariant measure of (1.1). Given such a stationary mild 
solution, we will then derive in Section 3 moment estimates on its time-invariant distribution \x 
under appropriate assumptions on the coefficients of (1.1). 

Moment estimates for invariant measures of stochastic partial differential equations have been 
studied quite intensively for some time. Recently, in the case where B is locally Lipschitz, the 
authors proved in [12] existence and moment estimates of an invariant measure \x corresponding 
to (1.1) under a Lyapunov type assumption on the coefficients A and B. These moment estimates 
have been the main tool to discuss well-posedness of the parabolic Cauchy problem corresponding 
to stochastic reaction diffusion or Allen-Calm equations in L 1 (/u). However, there are many 
important examples, e.g. the stochastic Burgers equation, that are still not covered by our 
analysis. The results in this paper can be seen as improved moment estimates on invariant 
measures to semilinear diffusions under weaker assumptions on its coefficients. 
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The main ingredient, to obtain our moment estimates, is a pathwise control on the stochastic 
convolution arising in the mild formulation of (1.1). This idea is taken from the paper [14] by 
Flandoli and Gatarek on stochastic Navier-Stokes equations, see also the paper [5] by Da Prato 
and Debussche where the same idea has been applied to the stochastic Burgers equation. We 
have generalized this technique and found simplified proofs to apply the same technique in an 
abstract context. To illustrate this result we discussed at the end examples of stochastic Burgers 
equations and thin-film growth models. We shall remark that the same result can be proved for 
stationary solutions of stochastic Navier-Stokes equations in the spirit of Flandoli and Gatarek 
[14]. 

The existence of a stationary mild solution is a rather weak assumption on the equation (1.1) 
and in particular does not imply neither the existence of an associated full Markov process nor 
an associated transition semigroup (Pt)t>o- The existence of (Pt)t>o, however, can be obtained 
from the Hille-Yosida theory, in the case, where the Kolmogorov operator associated with (1.1) 
(L,D(L)) (resp. its closure on suitable test functions) generates a Co-semigroup in L 1 (i?, /x). 
Based on the improved moment estimates on [i we will therefore study the existence (and 
uniqueness) of (Pt)t>o m Section 4. The method which we follow here is new and different to 
the one presented in [19] due the fact that the drift term B is not supposed to be dissipative 
and the coefficients of the finite dimensional realization of L are not bounded. Hence we can not 
use the classical theory by [17] to obtain uniform gradient estimates for the pseudo-resolvents 
associated with finite dimensional approximations of L. 

Let us now specify our precise assumptions: 

(Ho) A is selfadjoint, \\e tA \\ < e _w * for certain oj > and its resolvent A' 1 (which exists) is 
compact. 

(Hi) B : D(B) C H — > H is a measurable vector-field, defined on a measurable subset 
D(B) C H. We will always consider B as everwhere defined, by setting B(h) = for 
h i D{B). 

(H2) Q is a bounded, nonnegative, symmetric operator such that A and Q are simultaneously 
diagonizable and there exist v e]0, \ [ such that for all t > 

f s- 2v \\^/Qe sA f HS ds< 00. 
Jo 

(H3) There exists a mild solution 

X(t) = e tA X + f e (t -^ A B(X(s))ds + f e^ A y^QdW s , t>0, 
Jo Jo 

of (1.1) having a time-invariant distribution /j = Po X(i) _1 . 

We shall introduce the following interpolation spaces: For 9 6 R let 

V e := {D({-A) e ), || • || e ), where ||x|| e = ({-A) e x, {-A) d x) for x G V e . 
Hypotheses (H2) implies that the stochastic convolution WA(t) defined by 

W A {t) := [* eV-Vy/QdW, 
Jo 

is well defined and satisfies the uniform moment estimate 

/•oo 

M :=supE (\\W A (t)f 1 )= \\(-Are tA ^Q\\ 2 HS dt<^, 0< 7 <^ (1.2) 
t>o Jo 
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See [11, 13] for more details. 

2. PATHWISE ESTIMATES FOR STOCHASTIC CONVOLUTIONS 

The aim of this section is to prove a pathwise estimate for the stochastic convolution associated 
with the linear operator A. The estimate will be useful in the next section to obtain improved 
moment estimates on fi. We start with the following 1-dimensional result: 



Proposition 2.1. Let (/3(t))t>o be a 1-dimensional Brownian motion. For t > set 

W_ x (t) = f e' x ^ d(3{s), A > 0. (2.1) 
Jo 

Then for all 5 € (0, ^) 

sup |W_ A (*)| < A~ 5 • C S M(5,T) (2.2) 

0<t<T 

with 



t-s\ 5 



C 5 :=T(S + 1) + S°e~ , M(S,T) := sup 

0<s<t<T 



Moreover, 

E(M(S, T) m ) < M ■ T^M /or a// m > 1. (2.3) 
/or some constant M that is independent of A and T. 



(2.4) 



(2.5) 



Proof. Ito's product rule implies that 

W_ A (i) = P{t) -X [ e- A (*- s )/3(s) (is 

JO 

= A / e- A (*- s )(/3(t)-/3(s))ds + e- At /3(t), 
■/ o 

so that for f < T 

|W_ A (t)| < A f e~ x(t - s \t - s) 5 ds ■ M(5,T) + e~ xt ■ t 5 ■ M(S,T) 
Jo 

< (A J e~ Xs s 5 ds + 6 s e~ 5 • X~ 5 ) • M(S, T) 

= \- & (V{5 + 1) + 5 5 e- 5 ^j ■ M(S, T). 
The moment estimate (2.3) follows from Theoreme 3 in [18] (see also [1]). ■ 
We can now apply the Proposition to obtain a pathwise estimate on the stochastic convolution 

W A -x(t):= feQ-'XA-Vy/QdWia), A > 0. 
Jo 

To this end, denote by (Xk)k>i and (<Zfc)fc>i the eigenvalues of —A and Q respectively corre- 
sponding to the same eigenbasis {ek)k>i in H. Then the last Proposition implies 

Corollary 2.2. Let 5 e (0, \) and 7 G M. T/ien 

+00 ,27 

sup ||^-aWII 7 <C|^ fc gfc M fc ^,T) 2 . 



0<t<T 

Here, 



\Pk(t) - f3 k (s)\ 



M k (5,T) := sup '^ v ,; ™ WI , fe>l 

0<s<t<T \t — S\ 
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are independent random variables satisfying the moment estimate (2.3). In particular, if there 
exists e > such that 

+oo 

Z lAe :=Y J K 2{5 ^~ £ \k<+^, (2.6) 
k>i 

then 

sup ||Wa-a(*)II? < \~ 2e -Ms n , £ (2.7) 

0<t<T 

for some random variable M§ jlj£ , independent of X, having finite moments of any order. 
Proof. Clearly, 

+ 0O +oo / /•* \ 2 

\\W A _m\ 2 , = Y. X V^ W A~xit),e k ) 2 = ^V{ e- {X+Xk)[t - s) ^dh{s)\ , 
k=i k=i ^ Jo ' 

where k > 1, are independent 1-dimensional Brownian motions. Proposition 2.1 now implies 
that 

+oo +oo ,27 



sup ||Wk-A(t)ll?<E A r» su p l^-(A + A fc) WI 2 < Q 2 E a V - Mk ^ 2 - 

0<t<T 0<t<T K k> (A + Ak) 

If ^ 7 ,5, £ < +oo, then 



sup ||Wa-aWI|; < A- 2£ -M 5i7i£ (2.8) 

0<t<T 



with 

+oo 



M,, 7 , £ := C^\ k 2(S -<- £) qk M k (5,Tf. 



k=l 

For the proof of the last statement of the corollary, take m > 1. By Jensen's inequality we can 
write 

+oo \ m +oo 



M. 



^ V~ E A^^Vm^, T) 2 < Z- 1 £ A fe 2(5 - 7 - £) % M fe (5, T) 2m 



( ■^7i < 5) £ fc: 



and using the moment estimate (2.3) we conclude that 

+oo 

E(M 5 , 7 , £ ) m < Z™" 1 Y, Xf^^qkM ■ = M • Z™" 1 • T^ 1 - 25 ) < oo, (2.9) 

k=l 

where M is a universal constant. ■ 

3. A PRIORI ESTIMATES ON INVARIANT MEASURES 

In this section we will prove improved moment estimates on the invariant distribution fj, of 
a stationary mild solution of (1.1). The existence of a stationary mild solution is known in 
many important applications that are covered by our setting, especially for stochastic Burgers 
equations and thin-film growth models (see Section 5 below). For our analysis we need the 
following assumptions. Fix < 71 < 72 and assume 

(H4) There exists e > such that 

+00 

Z T2,5,s : = E A fe 2(<5-72 ~ £)<?fc < +°°' 
fc>l 
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(H5) There exist positive constants a, (3, 7, 5 and s > 2 such that 

{Ay + B(y + w),y) < -a||y||^ + P\\w\\ s j2 ■ \\y\W + l\\w\\ s l2 + 8 

for all y G D(A), w £ Vy 2 . 
For A > consider the following decomposition 

X(t) = Y x (t) + W A -\(t), t>0, (3.1) 

of the mild solution. It is then easy to see that Y\(t) satisfies the following semilinear evolution 
equation in the mild sense 

dY x (t) = (AY x (t) + \W A -x(tj)dt + B(Y x (t) + W A -x(t))dt 

with the random time-dependent nonlinearity B(- + W A -\(t)). 

Lemma 3.1. For any positive increasing C 1 -function ^ on M + we have 

^^(lln(t)H 2 ) < ~n\\Yx(t)\\ 2 Wx(Jt)\\^ + *'(\\Yx(t)\\ 2 )Rx(t). (3.2) 

Where 



Rx(t) = 5 + ^\\W A „x(t)\\ s l2 + ^\\W A -x(t)\\\, \=(^((3M T ( l2 ,s) + l) 
Proof. We have for all A > 

^*(H y AWf) = *'(\\Yx(t)\\ 2 )(AY x (t) + XW A -x(t) + B{Y x (t) + W A - X {t)),Y x {t)) 



< ^(\\Y x (t)f)[-a\\Y x (t)\\l + fi\\W A - X (t)\\fn " ll^Wft 

+ l\\W A _ x (t)\\ s l2 +S + \(W A _ x (t),Y x (t))) 

< *>(\\Y x (t)\\ 2 )(- a\mt)\\* + P\\WA-x(t)\\ s , 2 • 

+ 7 |i^A-A(t)ii; 2 + 5 + fiin(t)ii 2 1 + £ii^ A _ A (t)ii% 1 ) 

< *'(\\Y x (t)\\ 2 ) (~\\Yx(t)\\^+mA-x(t)\\^ • n^wft 



with 



Rx(t) = 7 ||^a-aWII 72 +s + ^\\w A ^ x (t)\\ 2 -, 1 ■ 

Hence by using (H4) and Corollary 2.2 we can write 

\\W A _ x (t)\\^<\- £S M T ( l2 ,s) 

with 

E(M^( 72 , s)) < 00 for all m > 1. 

Thus 

^*(lin(*)ll 2 ) < *\\\Yx(t)\\ 2 ) (~\\Y x (t)\\l +/3A— M t (7 2 ,,)||1aWH 2 1 + * A (t)) • 
In particular for A := (^(/3Mr(72, s) + 1)) eS we have 

^*(ll y AWI| 2 ) < ^(llnWII 2 ) (-JinWII 2 , +HaW) , 
which yields the proof of the lemma. 



A. ES-SARHIR AND W. STANNAT 



Proposition 3.2. Let < 71 < 72 and let fi be the distribution of any stationary mild solution 
of (1.1). Then 



< 00 Vp > . 



Proof. First note that for any q > there exist positive constants Di, D 2 and -D3 such that for 
E(i2 A (t) 9 ) <Z?i + Z?2E(||^ A _ A (t)||^)+D 3 E(M T (72,s)f||W A _ A (t)|| 2 7l ) <? 

< D 1 + J D 2 E(||W^_ A (t)||^)+Z? 3 ^E(M T (7 2 , S )^) (3.3) 

+ ^ 3 ^(||W A _ A (t)||iV) • 

Since E (||W A -A(i)||- 7l ) < E (||W^(t)||$) < 00, inequality (3.3) now implies that E(i? A (t)«) is 
locally integrable w.r.t. t. 

p 

For the proof of the moment estimate let us first consider p G [0, 1] and define ty(t) := (1 + t) 2 . 
Then Lemma 3.1 implies that 

I (1 + ||y A (t)|| 2 )" < -ciimwil 2 (1 + unroll 2 ) 5 + c 2 Rx(t) 



for finite strictly positive constants C\, C 2 . Fix K > and define ^x(t) '■= (1 + t) 2 A K, 

:n 



again, hence 



*jr(||Y A (t)|| 2 ) + Ci / ^(||y A ( S )|| 2 )^ 

JO 

<^(||X(0)|| 2 ) + C 2 / R x (s)ds. 

Jo 

Since for < p < 1 we have (1 + (s + t) 2 ) 2 < (1 + s 2 ) 2 + #> for all s, t > 0, we conclude that 

* K {W)\?) + Ci [ t ^K(\\Y x (s)\\ 2 )ds 
Jo 

< ((1 + ||y A (t)|| 2 )i + \\W A - X (tw) A K + Ci jf <&x(||1a( S )|| 2 ) 

< (i + ||y A (t)|| 2 )i AK + d /*^(||y A ( s )|| 2 )^ + ||^_ A rof 

<*x(||*(0)|| 2 ) + C 2 / i? A ( S )d S + ||^ A _ A (t)|| p . 
■/ 

Taking expectations and using stationarity of (X(t))t>o yields the inequality 

d rE(^(||y A ( S )|| 2 )) ds<C 2 l\{R x {s)) ds + E(\\W A _ x (t)\n <oo. 

JO JO 

Since the right hand side does not depend on K, we can now take the limit K — > 00 to conclude 
that 



E(||y A ( s )|| 2 (i + ||y A ( s )|| 2 )"- 1 ) ds 



< 00 
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hence 

/"*E(||y A (5)m ds <oo 
Jo 

too, so that 



t J \\x\\ p fi(dx) = E(\\X(s)\\ p )ds 



<2? f t E(\\Y x (s)f)ds + 2P fEiWWA-xismds 
Jo Jo 

< oo. 

For the general case p > 1 we proceed by induction. Suppose the assumption is proven for p 
with 2p < n and consider now p > 1 with 2p < n + 1. Lemma 3.1 now implies that for finite 
strictly positive constants Ci, C2 and C p 

^ (1 + ||y A (t)|| 2 )" < -Ci||y A (t)|| 2 (1 + ||yA(*)ll 2 ) 5-1 + c 2 (1 + ||>a(*) II 2 ) 1-1 Rx(t) 



dt 



< -Ci||y A (t)|| 2 (i + ||yA(t)|| 2 ) f_1 + c p (nywir 1 + iW" 1 + 1) 



Fix K > and let and <3?x be as above, the last inequality now implies that 

9 K {\\Y x {t)\\ 2 ) + Ci PtKimWlftda 
Jo 

< 9 K (\\X(0)f) + C P f {\\Y x {s)\r' + fl^r 1 + 1) cfa . 

■/ 

Note that for p > 1 there exists a finite positive constant C3 such that 

(1 + (s + t) 2 ) 1 < (1 + s 2 ) 1 + C 3 (s p -5 + t*- 1 + 1) 
for all s, t > 0, so that the last inequality now implies that 

<MIW)II 2 ) + Ci r^(||y A ( s )|| 2 )d, 
■/ 

< (l + \\Y x (t)\\ 2 )* AK + C 1 [^Kim^ds 

Jo 

+c 3 {\\Y X (t)\r^ + \\w A ^ x (t)f^ + i) 

<* K (\\x(o)\\ 2 )+c p / t (ny A ( fl )ir i +fl A ( a r i + i) d S 
■/ 

+ G3(i|yA(t)ir^ + n^-A(t)ii 2p ~ 1 + i) . 

Taking expectations, using stationarity of (X(t))t>o and the fact that 

E(||y A (t)ir§) +^ < E(||y A ( s )ir 1 ) d s < 00 

by assumption on p, we conclude that 

d /"e($* (||y A ( s )|| 2 )) d*<c p rEdm^ii^ + ^^ + i) <fe 

Jo Jo 

+ c 3 (e (||y A (t)ir *) + e (iiiy^wn 2 ^ 1 ) + 1) < 00 . 
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Again, the right hand side does not depend on K, hence taking the limit K^oowe conclude 
that 



/ E(||y A ( s )|| 2 (i + ||y A ( a )|| 2 )5- 1 ds< 

J 

Jo 



00 

Jo 

hence 

ft 

) ds < 00 

Jo 

and thus J ||x|| p ^(<ix) < 00 too. 

Our first main result in this paper now is the following: 



Theorem 3.3. Let 71 < 72 and assume hypotheses (Ho)-(Hs) hold. Then the invariant dis- 
tribution fi of any stationary mild solution (X(t))t>o of (1.1) satisfies the following moment 
estimates: 

(i) / ll x l| 2p fJ-{dx) < 00 for p > 0. 

(ii) f \\x\\^\\x\\ 2p fi(dx) < 00 for p > 0, a < 71. 

Proof. Clearly, (i) follows from the previous Proposition. For the proof of (ii) note that Lemma 
3.1 implies that for ^(t) = t' p where p > 1 

\\Yx(t)\\ 2p + f pf \\Yx{s)\\ 2 ^\\Y x {s)\\l ds < \\x\\* + 2pJ^ \\Y x (s)f^ R x (s) ds 

< \\ x fP + 2 (p-l) /Va00H 2p ^ + 2 f R x {sfds. 
Jo Jo 

(3.4) 

From the interpolation inequality 



•e\\ct ^ c|l x llo II^IIti 

ositive constants C, C 

f \\W A _ x {s)\\^)\\ Yx (s)\\l ds<C f ll^^ll^lln^llo^lln^ll? ds 
Jo Jo 



and Young's inequality, there exist positive constants C, C±, C2 such that 

rt 



(3-5) 

<Ci f \\Y x (s)\f^\\Y x (s)\\\ ds + C 2 f \\W A -x(s)\\ 2{p - 1] ^ ds 
Jo Jo 



and 

rt 



J WYx^WI^WWa^WI da<\J \\Y x (s)f ip - 1] da + \J WA-x{s)tn ds. (3.6) 
Putting this together with (3.4) and (3.5) yields 

f \\X(s)t {p - 1] \\X{s)\\l ds < dWX^Wf + C 2 f \\X(s)\\l p i ds + C 3 f R x (sr ds 
Jo Jo Jo 

+ C 4 f \\W A . x {s)\\ 2 ^ ds, 
Jo 



for some constants pi and Cj. 
Taking expectations we obtain that 



t / \\xf^\\x 

IH 



\l ti{dx) = E (jf \\X(s)f(P-V\\X( S )\\l ds^ < 00 . 



hence the assertion. 
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4. Maximal dissipativity of the Kolmogorov operator 

In the previous section we discussed a priori estimates of invariant measures \x for the equation 
(1.1). Suppose for the moment that (1.1) has a unique mild solution X(t, x), i > 0, for any initial 
condition x G H, that x i-> X(t, x) is measurable for any t and that the stationary solution X(t), 
t > 0, of (1.1) can be represented as X(t) = X(t,X ), t>0. Furthermore we take Q = (—A) 270 
for some 70 < \. It is then easy to see that in this case, the associated transition semigroup 

P t <p(x) = E(<p(X(t,x))) ,<peB b (H), 

induces a Co-semigroup of Markovian contractions (Pt)t>o on L 1 (i7, /i), in fact on any L p (H,li) 
for p G [1, oof. In the case where 

(B(x), h) , (x, h) G L 1 (li) for any h £ D(A) , 

the corresponding infinitesimal generator L has the expression 

Lip(x) = X - Tx H (^QD\(x)^/Q) + {x,ADcp(x)) + (B(x), D<p{x)) tp G TC%(D(A)) . 
Here, 

FC 2 b (D(A)) := [ip G Ci(H) \ <p(x) = f((x, h 1 ), ...,(x, h m )), f G C 6 2 (]R m ), m > 1, 

h 1 ,...,h m G ,D(^)} 

denotes the space of suitable cylindrical test functions (see Proposition 3.1 in [12] for a proof). 
As an application of the improved moment estimates on fi, obtained in the last section, we shall 
discuss in this section whether (Pt)t>o is the only Co-semigroup in L l (H,n) whose infinitesimal 
generator extends (L, J 7 C^(D(A))). In this case we say that L is L 1 -unique. 

In the general case, the mere existence of a stationary solution of (1.1) neither ensures the 
existence of the associated transition semigroup (Pt)t>o nor the existence of its L 1 -counterpart 
(Pt)t>o, but only implies that the measure fi is infinitesimally invariant for L, i.e., 

/ Lip(x) /j,(dx) = 
Jh 

for all ip G FCl{D{A)) with Ltp G L l (H, /j,). 

However, in this case, (L, J : Cl{D(A))) is dissipative, in particular closable, in L l {H,n) (see 
[12]). Therefore, to obtain the existence (and also the uniqueness) of (Pt)t>o, it is sufficient to 
prove that the closure of L in L 1 (if, fx) generates a Co-semigroup. The L 1 -counterpart (Pt)t>o 
will be Markovian and its existence can therefore be regarded as a first necessary step in the 
construction of a full Markov process associated with (1.1). 

For our analysis in this section we need the following assumptions: 
(Ao) The measure ii is infinitesimally invariant for L. 

(Ai) ||i?|| G ^(H, fi), where the vector field B : D{B) C H — > H is considered as a vector 

field on all of H by setting B(x) = if x G H \ D(B). 
(A2) For some (3 G (70, \), there exists C : Vp — > Vp with J ||C(x)||o fi(dx) < +00 such that 

(B(x)-B(y),x-y) < \\x - y\\\ + (C(x) - C(y),x - y) Vx,j/€Vi (4.1) 

2 2 
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In the following, let us define finite dimensional Galerkin approximations for L. To this end let 

n 

i n : R n — > H, (xi, . . . , x n ) !->■ ^2 %k&k 

k=l 

be the natural injection of R n into H and 

7r„ : H — >R n , x h-> ((x,ei), . . . , (x,e„)) 
the natural projection of on R n . Let 

A n := TT n o A o i n : R n -». R n 

and 

B" :=ir n oBoi n : R n -> R n , C n := ir n o C o % n : R n ->■ R n 

be the corresponding operator and vector-fields induced by A, B and C on M n and consider the 
Kolmogorov operator 



^ n n 

L n <p(x) := -^((-^)- 2 ^e fc ,e fc )^^ fe (x)+^(^x+i?^x)-C™(x),e A; )^ fc (x), ip G C 2 (R"). 

fc=i fe=i 
We now make the following additional assumption on L n . 

(A3) For n > 1, i? n and C™ are smooth, polynomially bounded vector- fields. 

Note that (A2) now implies the one-sided Lipschitz condition 

((A n x + B n (x) - C"(x)) - + - C n (y)) ,x-y)<0 x, y G R n , (4.2) 

for the finite-dimensional approximations of Ax + B{x) — C(x). 

Next, let U : H — >■ Vp be a smooth vector field that is Lipschitz continuous w.r.t the H-norm 
with Lipschitz constant Lip^ and denote by L£} the Kolmogorov operator 

n 

L^(x) = L n v{x) + Y J (U n {x),e k )^ Xk (x), <p G Cf(R"), 
k=i 

where U n = ir n oU oi n : R n — >■ R n , n > 1. (4.2) now implies the one-sided Lipschitz condition 
((A n x + B n (x) - C n (x) + U n (x)) - (A n y + B n (y) - C n (x) + U n (y)) ,x-y)< Li P[/ ||x - y || 2 , 
x, y G R ra , which is equivalent with 

((A n + J D( J B n -C n + f/ n ))^,0 < Lip^Hell 2 V(£i n . (4.3) 

Since the coefficients of Lg- are smooth there exists for any / G (7 2 (R ra ) a solution C([0, +00) x 
R n ) U C^((0, +00) x R n ) of the Cauchy-problem 

J du(t, x) = Lfru(t, x)dt, for (t, x) G (0, +00) x R n 

I u (0,x) = /(x), x G R n , ^ ' ' 

satisfying || 

^|| 00 — II /II 00 (and u ^ if — 0)* In addition, there exists a semigroup of linear 
operators (Tj jn ) t >o on Cfe(R ra ) such that for / G Cb(R n ) the solution of (4.4) is represented as 

u(t, x) = Tf"/(x), t > 0, x G R n 

(see Theorem 2.2.5 in [2]). According to Theorem 6.1.7 in [2] we also have the norm-estimates 

\\Trf\\ci<R~)<C\\f\\ C }(s«), /e^(I n ) (4.5) 
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for some uniform constant C > 0. A simple coupling argument shows that the constant in (4.5) 
may be chosen to be e LiPljt , taking into account (4.3). Note that this constant is independent 
of n, n > 1. 



In the following we will use the notation "</?" for ip G B(M. n ) to denote the function ip = ip o 7r n . 
Then 

(f Xk (x) if k = l,...,n 
otherwise 



{D<p(x),e k ) 



(4.6) 



and <p G FC%{D(A)) if p G C 2 (M n ). In particular If"/ G -FC fe 2 (Z)(^)) for t > 0, / G C 2 (M n ). 
We will also use the notation 

\\x\\a := |Kn^||a ,x£l",aGl. 
The following a priori estimate is crucial. 

Lemma 4.1. Let f G C 2 (M n °) and A > 0. Then for n > n we have 

ft r pLipu * r 

j( e~^ J^DTrttt^diidsKA^- j H \\B-B n \\d».\\ff cURn) 

+nf\\l + jf H \\c n -u% d^\\f\\i. 

Proof. Clearly, invariance of /x implies for ip G FC%(D(A)) that 
^ J^\\D<p\\ 2 _ 10 dn = - J^Lppdfi 

= - [ Llppd[i- [ (B - B n + C n - U n , D(p)tp dfj, 

JH JH 

<-/ L%(p(pdfi+ H^lloolblloo / \\B-B n \\dn 

JH JH 

+ Qf - C/"|| 2 d M ) 2 ||Z^H 2 - 70 <fc) 2 • Halloo 



and thus 



f \\Dipf_ 10 dfi < -4 f L^^/i + 4||Z^lloc|Mloc / \\B-B r ' 



dji 



+ / ||C7"-^|| 2 (i/i. 



(4.7) 



Inserting If"/ in (4.7), using pTf"/l|oo = pTfVlloo < e Li P^||/|| c i (ffi „ 0) and L£lf7 = 
£T? n f, we obtain that 

/ ||D7f7|| 2 _ 70 d M < 4 / IIB-B^H^-^l/ll^) 

* 7 . , (4-8) 

-2y ^(Trf) 2 d^+4\\f\\lo \\c n -u% o d^. 



Multiplying both sides of the above inequality by e As and using 
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we conclude for s < t that 



f ||i^rr /f_ 70 d/i < -2 ^ ± (e- As (rr /) 2 ) dAX 

+ 4e -^ /" ||S-S"||^-e Li P^||/||^ 1(ffino) 

J H 



+ 4e" 



-As II f \\2 



\C n -U n \\ldfi. 



H 



Integrating the last inequality with respect to ds yields inequality (4.6). 
Lemma 4.2. Let A > and h G B\,(H) be such that 

[ (A — L)(phdfi = /or a// p G -FC 2 (D(A)) ,<£> = / o 7r no , / € C 6 2 (M"°) . 

TTien /or n > uq 

e LiP(7 * 



iphd/j, 



— e llVlloo ll^lloo + ll/llc 1 ^)!!^! 



| J B-B n ||d/i 



+ 



-As 



H 



\DTy n f\\>dndt 



\c n -u n \\Ldn 



H 



Proof. Since 



±Trf=mrf, *>o, 



it follows for s < t that 



ds 



[ ry-fh dfi = e- Xs f (l-z - A)rr / h d» 

Jh Jh 

[ (B n -B-C n + U n , DTU"f)h dfi 
Jh 

< e ~^ e u Pu t 



C£(R"0) 



H 



+ e As 1 1 / ■ i v 



\C n -U n \\\d^ 



\DT¥ n f\\ 2 _ lQ d» 



(4.9) 



' H J \JH 

Integrating the last inequality with respect to s and applying Holder's inequality to the second 
term yields the assertion (4.9). ■ 

We are now ready to prove the main result 

Proposition 4.3. Let A > and suppose h G B\,(H) is such that 

f (A- L)(phdfi = for all ip G FC%{D{A)) . 
Jh 

Then h = fj,-a.e. 

Proof. Suppose on the contrary that h ^ 0. Then there exists ip = f o ir n for some / G C 2 (IR n ) 
with 



£ :- 



iphd/j, 



H 



> 0. 



We may suppose that e < 1. 
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Let U : H — > Vp be such that U is Lipschitz w.r.t. the ii-norm and 



\C-U\\ldfi] < 



H 



8(1 + ^(211/11^ + 1)^ + 111/11^) 



Since 



lim 



/ \\U-U n \\ldn+ [ \\C - C n \\l dfi = 0, 
Jh Jh 



and using the fact that 70 < j3 we can find n £ > no such that 



U-U n \\ldii) + / \\C-C n \\L dix 



sup . . r ^ | l70 ^ , , , . w | l70 

n>n £ \Jff / \JH 

e 

< 



(^(211/1120 + 1)3 + 4'"'i- 



A Hoo 



)' 



In particular, 



sup I / \\C n - U% dp ) < 

n>n e \J H 



2(^(211/11^ + 1)^+111/11^) 



(4.10) 



Let t £ > be such that e A<£ ||</?||oo IHloo < f • Since lim^oo f H \\B — B n \\ d/j, = 0, we can find 
by Lemma 4.1 and (4.10) h £ > n £ such that 



sup / e 

n>n £ JO 



-\s 



H 



Drrm »(dx)ds< 211/11^ + 1. 



-70 



Inserting (4.11) into (4.9) we obtain for n > h £ the estimate 
iphd/j, 



< e~ xts \\cp\ 



00 M "Moo 



Lip v t e I- 

+ ll/lbi(R»o) Woo— — J \\B - B n \\ dll 



+ 



-Woo 



+1) 



\U n -C% dn 



C£(]R n o) 



I H 
A 



f \\B-B n \ 
Jh 



d\x 



where the last inequality follows from (4.10). Consequently, 
iphdfi 



H 



3e e Ll Pu *e 

< lim sup — + ||/||ci(M"o)||^||oo 1 — 



H 



\B-B n \\d t i = ^- 
1 " ^ 4 



(4.11) 



which is a contradiction to our assumption. Thus h = /x-a.e. and the proof is complete. 



We have thus proven the following 

Theorem 4.4. Let (L,D(L)) be the closure of (L,PC^(D(A))) in L\H,n). Then (L, D(L)) 
generates a Co-semigroup of contractions (Pt)t>o on L l (H,[i), {Pt)t>o is Markovian and the 
measure (i is (Pt)t>o-invariant. 
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Proof. Proposition 4.3 implies that for A > the range (A — L)(J 7 C 2 (D(A))) is dense in ^(H, /x), 
so that (A — L)(D(L)) = L l {H, fi). An application of Lumer-Phillips's theorem (see [10, The- 
orem 3.15]) implies that L generates a Co-semigroup (Pt)t>o of contractions. The proof of the 
Markovianity of (Pt)t>o and its ii-invariance is exactly the same as the proof of the corresponding 
statements in [12, Theorem 3.4]. ■ 

Corollary 4.5. Suppose that (1.1) has a unique mild solution X(t,x), t > 0, for any initial 
condition x G H, and that x i-> X(t,x) is measurable, t > 0. // £/ie measure fi is subinvariant 
for the associated transition semigroup 

P t <p(x) = E(<p(X(t,x))) ,<p€B b (H), 

i.e., j Ptipdfji < J (pdfj, for all <p G B b (H), ip > 0, then P t ip is a ^-version of Pt<p for all 
^peB b (H). 

For the proof of the Corollary, it is sufficient to note that under the assumptions made, the 
transition semigroup (Pt)t>o induces a Co-semigroup (Pt)t>o on L l (H, fx) whose infinitesimal 
generator extends (L, J 7 C^(D(A))). Since the latter is L 1 -unique, we conclude that Pt = Pt, 
t > 0. 



5. Application 

5.1. Stochastic Burgers equation. Let /= [0,1] cK and A = be the Laplacian with 
Dirichlet boundary conditions and consider the stochastic partial differential equation 

/ d 2 X \ 
dX{t, x) = f -fap(t, x) + d x (X 2 (t, x)) J dt + n(t, x) , (t,x)eR + xI, (5.1) 

where rj(t,x) = dWt{x) and (Wt) is a cylindrical Wiener process on L 2 (I) with covariance 
operator Q = (— A)~ 2l ° for some 70 G (0, j) fixed. This implies in particular that the stochastic 
convolution corresponding to (5.1) has a continuous version in V lQ := D{{—A) 10 ). Therefore 
by using a similar argument as in [9, Chap 14] (see also [16]) one can prove the existence of a 
unique mild solution X(t), t > of (5.1). Existence of an invariant probability measure \i for 
(5.1) has been shown in [7], [9]. We shall mention that in the sequel we will consider X(t), t>0 
as a stationary solution for (5.1) (see section 1). 

It is clear that the nonlinear part of the drift term B(u) := d x (u 2 ) is neither Lipschitz nor 
one-sided Lipschitz. However, it is straightforward to check that 

(B(u) - B(v),u - v) < -\\u - v\\ 2 i + (u 3 - v 3 ,u - v), u,veVi, (5.2) 

2 2 2 

using the elementary inequality 

i(a + b) 2 (a - b) 2 < (a 3 - 6 3 )(a - 6), a, b G R. 
We remark that the coefficients of (5.1) satisfy the following Lyapunov-condition 

(Ay + d x (y + w) 2 ,y) < -hy\\l + a\\w\\1 \\y\W + P\\w\\\ ,y G D(A),w G Vi . (5.3) 

Z 2 8 2 8 2 
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Indeed, for y, w G Vi it follows that 

2 

J d x (y + w) 2 ydx = -2 J d x y ■ yw dx - J d x y ■ w 2 dx 



< + /l/V dx + -\\y\\\ + \\w\\ 4 L4{I) 



< ^\\y\\l + c|kll|4 ( 7)l|y||i + \\w\\l*(i) 



Using the Sobolev embedding W<t' 2 (I) L 4 (L) and the fact that the norm of Wi' 2 (I) and Vi 
are equivalent, we conclude that 

/ d x (y + w) 2 ydx< -\\y\\\ + a\\w\\\ + /3\\w\\{ (5.4) 

J J Z 2 8 2 8 

for suitable constants a, /3, hence (5.3) follows. The eigenvalues of —A are given by = +7r 2 fc 2 , 
k > 1. It follows from Corollary 2.2 that for T > we have 

sup ||VU4_ A (t)|| 2 < \~ 2£ -M s ^ e , A>0, 

0<<<T 

for some random variable Mg tlt£ with finite moments of any order, if 

«:=( < y + 70 )-( 7 + e )>i ) <5g]0,^[, (5.5) 



because then 



00 



^ = E \" 2(5-7-£ V = E a, 2(5+ — e) = e fc- 4 « < - . 

k=l k=l k=l 

Theorem 3.3 now implies the following moment estimates 



j IMIo P n{du) < +00 , p > 
J IMIcrlMlo*' ^(du) < +00 , p > 0, a < i . 



(5.6) 



The following Proposition will be crucial for the uniqueness of the Kolmogorov operator associ- 
ated with (5.1). 

Proposition 5.1. Let (3 G (5,70 + \)- Then 
(i) \\B(u)\\eL^). 

(h) ||u 3 ||^ a 2 ^). 

The proof is accomplished in the following three Lemmata. 

Lemma 5.2. We have J \\B(u)\\ /j,(du) < +00. 

Proof. First note that |H|oo < Cl +e |Mli+ e for any e > 0, so that 

< 1 1 1 1 1 1 1 it 1 1 00 < Ci llull 2 
2 2 5 

and now the moment estimate (5.6) implies the assertion. ■ 
Lemma 5.3. Let ft G (4, \ + 70). TTien /or p = 1, 2, 3 we have 



j \\u 3 \\ 2 fi(du) + J \\u p \\ 2 n(du) < +00. 
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Proof. First note that Sobolev's imbedding, followed by real interpolation, implies that for 9 > 

p-2 2+4p0 



u \\lp(i) < C\\u\\ p-2 2 < C\\u\\ p-2 < C\\u\\ i 



W~^v~ (I) 



so that 



LP(/) 



< c'liuiii 



4p 



P-2 
1+49 



p(l+4fl) 



I p(l+49) 

lo 



2+4pt) 
I 1+4S 



+0 



and now (5.6) implies that 

J\\ U \\ p LP{I) fi(du)<+oo if < 2 4(1 + 20). 

Since > § implies 4(1 + 20) > 7, we thus obtain that 

y ||u 3 || 2 < +oo. 

Let us now prove J \\u 3 \\^ fx(du) < +oo. To this end we consider again the decomposition 

X t = Y t + W A (t), t>0 
of the mild solution of (5.1). Then for p > 1 



,2p 



2p \dt 11 tllL2p d)J 



Weft* 



(2p-l) | (^)V^- 1} dx-2(2p-l) | ^(t)y, 

-(2p-l) J W A (t)*^Y?<*-» dx 
(2P-1) / ^^V(P-D^ , 



l ^eZx 
ax 



(5.7) 



dx / ' 



2 / w/w v 11 " --""^w 

Integrating (5.7) with respect to t we conclude that 

L \di)' Yrl dt ^ c ^ Y A {I) +c 2 j o \\w A (t)\\ 

Clearly, for some constant C > we have 



_UIVII 2 P ^ 
" 11 - r *Ni,2p(7) J 



lL8(7) 



+ ll^tll^p(j) ^t. 



(5.8) 



/+oo 

E(||W^(t)||i. w )<C £ti+; 



l+2 70 



< +oo, 



so that (5.8) implies that 



E 



(dYt\ . yr 



" x dt<CiE(||y fo (J) )+C2 + C2 



nn 2 r L_) dt 



for uniform constants C\, Ci and Ci- Next, observe that for j3 < \ + 70 we have 

S n V W,(\\W A {t)\\ 2p ) <+oo, p>l, 
t>o v 



(5.9) 
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hence for T > we have 

rT 



/ E(llAfHj) 



dt < C 
< C 



E 



E 



< C \T + E 

<c(t + e 



C [T + E 



Y?\\£)dt + J Q E(\\W A (t)%) dt 

y t 3 \\\) dt + £ E(\\w A (t)%) dt 

+ J E(\\Y t (x 



roil! 



6 

L6(J) 



dt 



\\ x °\\%(i)) + 1 

\\Xo\\% {I) ) + £ E(\\X t (x)Y) , 

where the constant C may change from line to line. Thus integrating with respect to fx and 
using the fact that (X t )t>o is a stationary solution for (5.1) with invariant distribution fi we get 

tJ \\x 3 \\ 2 p fj,(dx) < C + J \\x\\% {1) fi(dx) +T J ||x 3 || 2 /i(da;)) . 
This yields the statement of the lemma. ■ 



If we denote by L the Kolomogorov operator associated with (5.1), we have by Theorem 4.4 the 
closure (L, D(L)) of L in L l (H, fx) generates a Co-semigroup of contractions (Pt)t>o on L l (H, fx), 
(Pt)t>o is Markovian and the measure fx is (P t ) t >o-invariant. 

5.2. Stochastic equations modeling thin-film growth. Let us consider the following sto- 
chastic partial differential equation 

du(t, x) = (-di 4) u(t, x) + udi 2) u(t, x) - (d x u(t, xfj ^ dt + rj(t, x) , (t, x) €. M+ x I , 

(5.10) 

where v > 0, r](t,x) = dWt(x) is a Wiener process on L 2 ([0, 1]) with covariance operator 
satisfying 

Qe k = q k e k , k > 1, ( 9fc )fc>i Q *°°(N), 

and (efc)fc>i denotes the orthonormal basis of # := Lq([0, 1]) = {/ G £ 2 ([0, 1]) : Jq 1 /(r) cZr = 0} 
consisting of eigenvectors of the self-adjoint extension of 

A := -djpu + ud^u 

in H with periodic or Neumann boundary conditions. 

Blomker and Hairer proved in [3] the existence of a stationary solution of (5.10). In particular, 
they showed the existence of an invariant measure fx satisfying the moment estimate 

/ log(l + ||x|| 2 ) fj,(dx) < +oo. 
Jh 

The purpose of the example is to demonstrate how to obtain improved a priori moment estimates 
on fx, using Theorem 3.3. To this end note that the coefficients of (5.10) satisfy the inequality 

(Ay + B(y + w),y) < -]\\y\\l + f3\\w\\\ IM| 2 + l\H\\ (5-11) 

4 2 16 16 
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for suitable constants (3 and 7, since 



j d x 2 ^ [d x {y + wfj (x)y(x) dx = 2 J d x 2 ^y(x) ■ d x y{x) ■ d x w(x) dx + j d x 2 ^y(x)(^dw(x)^ dx 

<^\\y\\ 2 i+ J (d x y{x)j (d x w(xfj dx + ^\\y\\\ + \\d x t 

< ^\\y\\\ + c\\d x w\\ 2 L2{m) \\d x y\\ 2 x + Il^ w lll4 ([0 ,i])- 
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^IIl4([ 0i1 ]) 



(5.12) 



Using the fact that Wi' 2 (0, 1) C VF 1 ' 4 (0, 1) and ||«|| w |, 2(0 1} < C\\ w\\_5_, we conclude that 



Jo 



d x 2 Ud x (y + w))\x)y{x)dx<-\\y\\ 2 + f3\\d x w\\\ \\y\\ 2 + >y\\w\\\_ (5.13) 

V / 4 2 16 16 



U)r'[OA!J + »-)J (•»■)/;(•'■) (i-r < 

/o 

for suitable constants j3, 7, hence (5.11) follows. 

We can arrange the eigenvalues (Xk)k>i of —A in such a way that Afc = 4ir 2 k 2 (4ir 2 k 2 + v) 
with multiplicity 1 (in the case of Neumann boundary conditions) or 2 (in the case of periodic 
boundary conditions). Then (H4) is satisfied for k := S — 7 — e > |, 8 G (0, \), because then 

Z lA e < ^Yl (y^ 2 k 2 {^ 2 k 2 + • IkHoo < C^k~ 8k if K > i. 

fc=l fc=l 
Theorem 3.3 now implies the following improved a priori moment estimates 

Corollary 5.4. For any invariant measure ji of (5.10) we have 

(i) f \\x\\q P /j,(dx) < co for p > 0. 

(ii) J \\x\\ 2 ||x||q P ji(dx) < 00 /or p > 0, a < \. 
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